Fifteen strongly oscillating angular distributions of the elastic scattering of 12 C + 24 Mg at energies around the Coulomb barrier (E c.m. = 10.67-16.00 MeV) are reproduced by adding five Breit-Wigner resonance terms to the l = 2, 4, 6, 7, and 8 elastic S matrix. The nonresonant, background elastic scattering S matrix S 0 l is calculated using the São Paulo potential. The J = 2, 4, 6, 7, and 8h molecular resonances fit well into a rotational molecular band, together with other higher lying resonances observed in the 16 O + 20 Ne elastic scattering. We propose that the presently observed, largely deformed molecular band corresponds to the hyperdeformed band, which has been found previously in α-cluster calculations, as well as in a new Nilsson model calculation. Systematic study of its possible clusterizations predicts the preference of the 12 C + 24 Mg and 16 O + 20 Ne molecular structure, in accordance with our present results.
0 l is calculated using the São Paulo potential. The J = 2, 4, 6, 7, and 8h molecular resonances fit well into a rotational molecular band, together with other higher lying resonances observed in the 16 O + 20 Ne elastic scattering. We propose that the presently observed, largely deformed molecular band corresponds to the hyperdeformed band, which has been found previously in α-cluster calculations, as well as in a new Nilsson model calculation. Systematic study of its possible clusterizations predicts the preference of the 12 
I. INTRODUCTION
Clusterization, as opposed to a mean-field-like behavior, is an important phenomenon of the atomic nucleus. The best known and most traditional example is that of α clusterization, which is understood as a consequence of the very large binding energy and compact structure of 4 He. For similar reasons, heavier α-like nuclei (of equal and even proton and neutron numbers) are also important clusters [1] [2] [3] [4] [5] . Recently, evidence of clusterization has been accumulated also in neutron-rich nuclei [5, 6] .
The interrelation between shape isomers and cluster structure is a long-standing problem. Since the previous ones are usually obtained from shell-model or mean-field calculations, this question leads to the problem of the connection between the different structure models. Several important cluster structures could be associated with the special shapes corresponding to the stable shell structure of the harmonic oscillator potential, while in other cases a molecule-like description is preferred (see, e.g., the reviews [3] [4] [5] [6] and references therein). More recent studies [7] [8] [9] [10] suggest that there exist (at least) two different phases of clusterization: one is shell-model like, having a simple connection to the shell-model basis; and the other one is the rigid molecule-like clusterization, which can be expressed in terms of shell-model wave functions only in a very complicated way. In the language of the collective model, they correspond to a soft * Universidade Presbiteriana Mackenzie, São Paulo, Brazil. † Universidade de Santiago de Compostela, Spain.
vibrator and a rigid rotor, respectively. Furthermore, they show some similarities to the liquid (shell-like) and solid (rigid molecule-like) phases. They seem to correspond to different (quasidynamical) symmetries, and a quantum phase transition is observable between them [10, 11] .
The close connection between the clusterization and reaction channel is obvious: from the viewpoint of its observability, a reaction channel defines the cluster configuration [12] . Therefore, reaction studies reveal several interesting aspects of the clusterization. A remarkable example is the appearance of the so-called molecular resonances, found in light heavy-ion reactions. The first and most striking representative of this phenomenon is provided by the 12 C + 12 C system, in which sharp structures were observed even below the Coulomb barrier [1, 13] in the elastic scattering and in reaction channels, with the emission of p, α, n, or γ , or in the fusion and reaction cross-sections. The narrow resonances (width of few hundred keV) were strongly correlated in all channels and presented a very large partial width for decay into 12 C + 12 C. More recent data [14, 15] on the 12 C + 12 C inelastic scattering indicate that the molecular band terminates with a cluster state of spin J π = 22 + in the compound system 24 Mg, at around E c.m. = 43 MeV. Similar resonances were seen in other heavy-ion reactions as well, mainly with α-like nuclei [3] [4] [5] [6] .
In many light n-α nuclear systems such as 16 O + 28 Si, 12 C + 28 Si, 16 O + 24 Mg, 12 C + 24 Mg, and others [16] , at energies about twice the Coulomb barrier, strong backangle oscillations were observed in the elastic, inelastic, and α-transfer angular distributions, also called anomalous large angle scattering (ALAS) with large peaks in the excitation functions. Strong correlation between these peaks observed in different reaction channels and even in different entrance channels, suggested the interpretation in terms of quasimolecular resonances with two-body clusters in the composed nucleus [4, 17] .
Alternative interpretations have been put forward for the ALAS in terms of potential calculations, too. Because these phenomena were restricted to n-α nuclei, their interpretation in terms of the coupling between the elastic and the α-transfer channels was a natural step and also gave very convincing results [18] [19] [20] . This coupling was represented by a dynamical α-transfer polarization potential, added to the standard optical potential, and could explain the oscillations observed at higher energies, above the Coulomb barrier [18] [19] [20] .
Another explanation was given by using the double folding optical potential with deep real and shallow imaginary form factors [21] and arguing that the ALAS phenomenon is just due to rainbow maximum. This description reproduces well the ALAS observed in the α-nucleus elastic scattering. However, to reproduce the ALAS phenomenon observed in heavier N = Z nuclei, the imaginary part of the optical potential has to be extremely anomalously shallow, 1-2% of the real depth, not only on the surface but also in the nuclear interior, where the wave functions can penetrate without being absorbed.
In this paper, we analyze the 12 C + 24 Mg elastic scattering data. The complete set of 15 elastic scattering angular distributions of the 12 C + 24 Mg system [22] , measured at energies very close to the Coulomb barrier, at E c.m. = 10.67-16.00 MeV, shows strong oscillations and were first reproduced [22, 23] by a shallow, energy-dependent, phenomenological optical potential. Calculations including the coupling to the α-transfer channel were also performed, and because of the small transfer cross section at the very low energies, they could not explain the observed oscillations [22] . More recently, many attempts have been made and published to reproduce these data using deep real potentials. To be able to reproduce the elastic and inelastic data, small additional derivatives were added to the deep real potential [24] [25] [26] [27] , or modified Ginocchio-type potentials were used [28] .
The study of the elastic scattering at energies well over the Coulomb barrier has led to the elimination of ambiguities and the determination of gross features of the optical potential [29] , resulting in the adoption of deep real potentials. On the other hand, the existence of correlated structures in the excitation functions, measured at different angles and different channels, suggests the presence of quasimolecular resonances.
In a separate paper [30] , we describe some new results on the structure of the presently proposed hyperdeformed band, and we also review our recent understanding of the shape isomers of the 36 Ar. Their relations to the cluster configurations and reaction channels are also discussed.
The structure of this paper is determined by the steps of the new analysis. First the optical potential and the phase-shift analysis are presented to determine the l values needed for the best fit. Then energy-dependent resonance terms are included in the scattering matrix. The results of these calculations are compared with the available experimental data, i.e., angular distributions and excitation functions. [22] . The angular distributions were measured up to θ c.m. = 164
• , and they all show strong oscillations. An angular distribution measured at E c.m. = 16.53 MeV by Mermaz and collaborators [31] was also included in our analysis.
The starting point in our calculations was a double-folding, deep optical potential, also called the São Paulo potential (SPP) [32, 33] , where the Pauli nonlocality results in energy dependence of the potential depth. The angular distributions calculated with this strongly absorbing, deep potential present no oscillations. The imaginary part of the potential has the same form factor as the real part, and the normalizations of the real and imaginary parts, respectively, N r and N i were varied in our fit procedures to improve the forward angle fit.
An alternative way of analyzing the data is to use an Smatrix or phase-shift analysis. In this method, the S-matrix elements are varied to minimize the χ 2 parameter of the best fit. Often the result of the search procedure depends on the initial values, and the search is not stable and reliable. A new method developed by Chisté et al. [34] explores the fact that the χ 2 distribution is of the fourth degree in the S-matrix elements. All three roots of the scale parameter, corresponding to the minimum χ 2 in its gradient direction, are algebraically determined. This procedure turns out to be stable and allows not only the determination of the S-matrix elements but also of their uncertainties, which usually are not known by other methods.
We have performed phase-shift analysis (Figs. 1 and 2) of our 15 angular distributions using the method described above and using the SPP optical model matrix elements as initial values in the search. Very good fits could be obtained when all matrix elements, with l values from l = 0 to 12h were allowed to vary in the search procedure. However, in this case, the uncertainty in the matrix elements was excessively high, indicating a large ambiguity, and no conclusion about their contribution could be obtained. We tested the number of l values needed and their region to get the best compromise between the quality of the fit and the uncertainty in the matrix elements. The best compromise was obtained using a window of l = 6-9h. This result indicates that not only one spin contributes, and probably the oscillations are due to overlapping resonances with different spin values. We present in Figs 
III. OPTICAL MODEL ANALYSIS INCLUDING ENERGY-DEPENDENT BREIT-WIGNER RESONANCES IN THE S MATRIX
As a first step, we have added Regge poles [35] to the optical model S matrix S o l , described above.
The angular distributions of E c.m. = 13.00, 13.33, 13.67, 14.00, 14.33, and 14.67 MeV could be well reproduced by a single pole with l 0 = 6h and width = 0.05h, which means that only the l = l 0 = 6 partial wave was affected by the pole. Our interpretation for this is the existence of a J = 6h resonance in the compound nucleus 36 Ar at an excitation energy compatible with the corresponding E c.m. . If this resonance had a dinuclear cluster structure of 12 C − 24 Mg, it could affect the elastic scattering cross section at the corresponding energies. For the angular distributions of E c.m. = 15.00, 15.33, and 15.67 MeV, an l 0 = 7h pole was necessary to obtain a good fit.
The effect of the resonances in the compound nucleus 36 Ar was described by adding the energy-dependent Breit-Wigner resonance term S at E c.m. = E r for each resonance r.
We associate these resonances to reaction processes that are not included in the optical model S matrix but still contribute to the elastic scattering. The inclusion of the resonance term in the scattering matrix S l in Eq. (2) is identical or similar to different expressions that have been used in data analysis of other works (e.g., Refs. [36] [37] [38] [39] [40] ). D r is the amplitude of the resonant process, contributing to the elastic channel, also called the elastic width. r is the total width, and E r is the resonant energy. φ r is the relative phase of the mixing between the background and the resonant process, both contributing to the elastic channel. In some works, the resonant term is multiplied by S o l [40] , the optical S matrix; in others, by a term that involves only the phase of S o l [38, 39] . As in Ref. [36] , we did not perform this multiplication, which would produce a spurious effect of the resonating term in an energy region quite far away from E r . In fact, in our case, S o l can have a quite large variation in the complete bombarding energy range studied; however, in the energy range of the resonance, r , the variation of S o l is much smaller. Within our assumption, considering a simple sum, the effect of the resonance on the cross sections is restricted to an energy region ± r around E r . Anyway, the multiplication cited above would affect mainly the parameters D r and φ r . For the purpose of our analysis (determination of a rotational band in 36 Ar), the most important parameters to be determined are l r and E r , which, as we will see, allow the evaluation of the spin and excitation energy of states associated to the hyperdeformed band in 36 Ar. The angular distributions at E c.m. = 13.00, 13.33, 13.67, 14.00, 14.33, and 14.67 MeV could be well reproduced by a single pole with l r = 6h. We assumed, to begin with, the existence of only one resonance, represented in the l r = 6 matrix element by S res 6 = |S res 6 |e iα 6 to fit the angular distributions at these energies. In the fit procedure, the χ 2 minimization was realized by a Monte Carlo/C++ code, named POLODSA [41] , which uses the downhill simplex annealing algorithm [42] . We performed the parameter search for |S res 6 | and α 6 minimizing the χ 2 for each angular distribution at the energies E c.m. mentioned above. The results for |S res 6 | and α 6 as a function of E c.m. are presented on the Fig. 3 .
The modulus of the matrix element |S res 6 | shows a peak as a function of the energy. This peak was fitted by the Breit-Wigner function, determining the parameters E 6 = 13.21 MeV, D 6 = 0.1624, and 6 = 1.3 MeV. The energy dependence of the argument α 6 can also be seen on Fig. 3 , and the phase parameter φ 6 = 127.8
• could be determined from it. The energy variation of the argument α 6 , increasing by 180
• at the resonance energy E 6 , constitutes a strong indication for the existence of a J = l r = 6 resonance at E 6 .
Once the four parameters of the l r = 6 resonance were determined, we repeated the method including the l r = 6 resonance in our S matrix and representing the l r = 7 resonance by S Again the modulus of the l r = 7 matrix element presents a peak as a function of the energy, and its parameters (E 7 = 15.396 MeV, D 7 = 0.0893, 7 = 1.169 MeV) were determined by fitting it with the Breit-Wigner function. The phase of the resonance ( 7 = 79.3
• ) could be obtained from α 7 , but the precision of the result was worse than in the l = 6 case, due to a larger spread in the best fit results. After the inclusion of the l r = 7 resonance, the parameter search for the l r = 6 matrix elements was repeated, and the new values were very close to the values previously determined. The procedure was also repeated for the l r = 7 matrix elements for the ten angular distributions.
The four angular distributions at E c.m. = 11.33, 12.00, 12.33, and 12.67 MeV were not well reproduced by the inclusion of the l r = 6 and 7 resonances. The inclusion of an additional resonance at lower energy was necessary, and a search was performed to determine which l r value would be most appropriate. The lowest χ 2 value was found for l r = 4h, but the inclusion of a l r = 5h resonance would also improve the fits. We did not include both so as to not increase the number of free parameters unnecessarily.
The same method was repeated, and again the modulus of the matrix element |S The fit for the two lowest energies E c.m. = 10.67 and 11.33 MeV was significantly improved when we included an l r = 2h resonance also. However, the precision of the determination of its parameters was poor, since it is situated at the edge of the range of energies. Its overall phase could not be determined, and we used the best fit phases obtained for each energy in our calculations.
In our analysis, the angular distribution measured at E c.m. = 16.53 MeV [31] was not well reproduced by the inclusion of the l r = 2, 4, 6, and 7h resonances in the S matrix.
The inclusion of an additional resonance at higher energy was necessary, and a search was performed to compare l r = 8 and 9h for all angular distributions. The lowest χ 2 value was found for l r = 8. The inclusion of l r = 9 gave a better result for the angular distribution of E c.m. = 16.53 MeV, but worse for the other neighboring angular distributions. For this reason, we included a resonant term in the l r = 8 matrix element of the form S 12 MeV were determined. The phase could not be determined, since again this resonance was situated at the edge of the energy range, and we used the best fit phase for each angular distribution. In Fig. 4 we present, as examples of the quality of the fits, six of the 16 angular distributions and the result of our calculations adding the five Breit-Wigner resonant terms with l r = 2, 4, 6, 7, and 8h to the optical model S matrix.
In Table I , we present the parameters of the five resonances obtained from the analysis described in detail above. In • between E c.m. = 12 and 26 MeV. In the energy range of our interest, strong peaks are observed at 13.5, 15.5, and 16.5 MeV with width of about 1 MeV. Notice that these energies are close to the energies of the J = 6, 7, and 8h resonances, E 6 = 13.2, E 7 = 15.4, and E 8 = 16.2 MeV, determined in our analysis of the 16 angular distributions.
In Fig. 6 , we compare the excitation function measured at 180
• in our energy range [31] with the results of our calculations at the same angle, adding the five Breit-Wigner form resonances S res l r to the background optical model S-matrix elements [see Eq. (2) and Table I ]. We calculated the cross section only at the energies where we had fitted the angular distributions (10.67, 10.33, 12.00, etc., MeV) since the phases of the resonances with J = 2 and 8 were determined only at these energies. There is a qualitative agreement between the calculation and the data, the positions of the peaks are reproduced, but the difference in absolute values can be a problem in the relative normalization between our angular distributions and the excitation function of Ref. [31] .
IV. HIGHLY DEFORMED MOLECULAR BAND IN 36 Ar
We interpret the five resonances (see Table I ) added to the S matrix in our analysis, which reproduce and explain the strongly oscillating angular distributions of the elastic scattering of 12 034319-5 molecular resonances with dinuclear cluster structure in the 36 Ar compound nucleus. As a matter of fact, their resonance energies correspond closely to the energies of the peaks observed in the excitation function measured at 180
• [31] . The excitation functions of the elastic and inelastic scattering of 12 C + 24 Mg [31] present strong structures at the energies: E c.m. = 13.5, 15.5, 16.53, 18.47, 19.07, 20.8,  23 .20, and 25.0 MeV. Statistical analysis of the data yielded autocorrelation and cross-correlation functions, which gave a coherence width of FWHM = 0.71 MeV, and cross-correlation coefficients that were rather high. These results supported the presence of intermediate structures.
In Ref. [31] , elastic scattering angular distributions were also measured at energies that correspond to the peaks observed in the excitation function, and a phase-shift analysis of the angular distributions was performed. Their conclusion was that good fits could only be obtained when including contributions from many l values.
They fitted the angular distribution at E c.m. = 16.53 MeV by adding two Regge poles with l 0 = 7 and 9 to the background scattering matrix. This indicates the presence of an additional J = 9 resonance around 16.5 MeV, but we do not have enough data to determine its position or width.
We also performed an analysis of their angular distributions adding two Regge poles [see Eq. In the γ -ray yield function for the 12 24 Mg α-transfer reaction between E c.m. = 22 and 39 MeV. Strong correlated structures were observed in the excitation functions at E c.m. = 24.5, 27.9, 31.7, and 35.5 MeV. Angular distributions of the α-transfer reaction were measured between 10
• and 60
• at these energies, and they presented strong oscillations. They were fitted using Legendre polynomials with l values of 18, 20, 22(23) , and 24(25), respectively.
Gai et al. [45] also studied the elastic scattering of 16 36 Ar compound nucleus, we plotted in Fig. 7 these excitation energies against J (J + 1), following the equation below. E 0 is the energy of the bandhead, J is the angular momentum of the resonance, J = l r , and I is the moment of inertia.
The resonances observed in the channels 12 Fig. 7 with a linear relationship between E * and J (J + 1), indicating that all these states belong to a common rotational band. This band contains states with both positive and negative parity and with even and odd angular momentum, respectively. We performed a linear fit, including all resonances, the low-spin resonances of the 12 C + 24 Mg system, and also the higher spins and excitation energies of the system 16 O + 20 Ne (solid line). The bandhead is E 0 = 28.8(6) MeV, and the moment of inertia is 4.4(2) × 10 5 MeV fm 2 . If we write the moment of inertia as I = µ × R 2 , where µ is the reduced mass and R is the relative distance, we obtain for the relative distance R = 7.3 fm, which is more than double the rms charge radius of the 36 Ar, R ch = 3.39 fm [47] , indicating a large deformation of the nucleus.
In Fig. 7 , we also included the ground-state band and the superdeformed (SD) band, recently observed by Svensson et al. [48] in 36 Ar. Performing a least-squares linear fit of the SD band, the moment of inertia is I = 2.97(7) × 10 5 MeV fm 2 (solid line in Fig. 7 ). Our molecular band ( 12 C + 24 Mg and 16 O + 20 Ne) has a larger moment of inertia than the SD band, thus it is a possible candidate for a hyperdeformed band and is in agreement with the prediction of the α-cluster model [49] , as well as with the more recent Nilsson calculations for the shape isomers [30] . 
V. SUMMARY
In this work we have presented a careful analysis of the 24 Mg + 12 C elastic scattering data. All the available angular distributions around the Coulomb barrier were considered [22] . Energy-dependent Breit-Wigner form resonance terms were considered in addition to the nonresonant background part of the S matrix, which was determined by the São Paulo potential. We have found that the experimental data could be nicely reproduced by taking into account five resonances with spins 2, 4, 6, 7, and 8. These states, together with resonances observed previously in the 20 Ne + 16 O reactions [44] [45] [46] , determine a rotational band. Its moment of inertia is very close to that of a hyperdeformed band, provided by α-cluster [49] and Nilsson [30] calculations. The most preferred clusterizations of this band were predicted to be the 24 Mg + 12 C and 20 Ne + 16 O binary cluster configurations [50] . Therefore, we propose that the molecular band established by our present analysis corresponds to the hyperdeformed intrinsic state of the 36 Ar nucleus.
